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tively excluding edges in the graph. For each node of at least
a subset of nodes in the graph, a graph partitioning module
determines whether to exclude edges for the node and, if so,
selects for exclusion edge(s) to at least a subset of the node’s
neighbor(s). The module selects edge(s) to the node’s neigh-
bor(s) for exclusion based at least in part on a degree of
overlap between the node’s neighbor(s) and neighbor(s) of
the node’s neighbor(s). For any subset(s) that are yet not
sufficiently partitioned into clusters, the module repeats the
step of determining whether to exclude edges and, if so,
selecting nodes for exclusion, and determining whether or not
the nodes are sufficiently partitioned. Subset(s) of nodes that
are already sufficiently partitioned may be skipped during the
repeated steps.
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FIG. 2A: PORTION OF INITIAL GRAPH OF NODES
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FIG. 2B: PORTION OF GRAPH AFTER ONE ITERATION
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FIG. 2C: PORTION OF GRAPH AFTER TWO ITERATIONS
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1
PARTITIONING A GRAPH BY ITERATIVELY
EXCLUDING EDGES

TECHNICAL FIELD

The technical field relates to partitioning a graph of nodes
into clusters of nodes.

BACKGROUND

Most businesses now rely on efficient and accurate storage,
retrieval, processing, and analysis of datasets. These datasets
represent information about customers, business opportuni-
ties, business risks, liabilities, transactions, employees, loca-
tions, phone calls, emails, text messages, social networks, or
any other information about person(s), place(s), thing(s), or
event(s) of concern to the business.

Datasets may be represented in a graph as items or nodes of
information. Some of these nodes may be related to other
nodes, and these relationships between nodes may be repre-
sented as connections or edges between the related nodes.
Datasets that are represented by graphs may be stored in any
data structure, including but not limited to tables, arrays,
linked lists, feature vectors, trees or other hierarchies, matri-
ces, structured or unstructured documents, or other data
objects.

An example dataset may be a log of phone calls or email
addresses over a given period of time, and the dataset may be
represented in a graph as nodes of phone numbers or email
addresses that are connected via graph edges to each other.
For phone companies with millions of customers, the number
of nodes and edges in this graph may be massive. Similarly,
logs of posts or messages between friends in social networks
may be represented in a graph as nodes of contacts that are
connected via graph edges to each other. For large social
networks, the number of nodes and edges in this graph may be
massive.

Although simple datasets having few items may be visual-
ized and readily understood by human analysts, complex
datasets having many items often require processing and
computational analysis before such datasets are meaningful
to human analysts or even to many software applications.
Clustering techniques may simplify complex datasets into
clusters to support analysis of the datasets. Clusters are sub-
sets of nodes in the graph that are related to each other. In
some examples, a cluster is a network of nodes that are con-
nected to each other, directly or indirectly, by edges. Many
clustering techniques attempt to evaluate entire datasets to
find optimal partitions based on global criteria without the
ability to break up this evaluation into smaller manageable
operations. Such techniques may consider all edges and all
nodes in a graph before making any clustering determinations
and, accordingly, may provide excellent results for small
datasets. However, such techniques are not practical for mas-
sive datasets, such as for datasets where the number of desired
clusters is in the millions, due to the computational and stor-
age requirements for evaluating entire datasets to find parti-
tions based on global criteria. Such techniques scale poorly
for massive datasets because the computational and storage
requirements to implement the techniques are highly depen-
dent on the sizes of the datasets.

The approaches described in this section are approaches
that could be pursued, but not necessarily approaches that
have been previously conceived or pursued. Therefore, unless
otherwise indicated, it should not be assumed that any of the
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approaches described in this section qualify as prior art
merely by virtue of their inclusion in this section.

BRIEF DESCRIPTION OF THE DRAWINGS

In the drawings:

FIG. 1 illustrates an example process for partitioning a
graph by excluding edges.

FIG. 2A illustrates an example portion of an initial graph of
nodes.

FIG. 2B illustrates the example graph portion of FIG. 2A
after one example iteration of removing edges.

FIG. 2C illustrates the example graph portion of FIG. 2A
after two example iterations of removing edges.

FIG. 3 illustrates an example computer system on which
example embodiments described herein may be imple-
mented. Although a single instance of the example computer
system is depicted, multiple instances of the example com-
puter system or of various elements thereof may function
together to implement the example embodiments described
herein.

DETAILED DESCRIPTION

In the following description, for the purposes of explana-
tion, numerous specific details are set forth in order to provide
a thorough understanding of the present invention. It will be
apparent, however, that the present invention may be prac-
ticed without these specific details. In other instances, well-
known structures and devices are shown in block diagram
form in order to avoid unnecessarily obscuring the present
invention.

General Overview

Techniques are described herein for partitioning a graph of
nodes into clusters of nodes by iteratively excluding edges. In
one embodiment, a graph partitioning module, comprising
special-purpose hardware and/or special-purpose software
operating on computing device(s), partitions a graph into
clusters by iteratively excluding edges from nodes in the
graph. For each node of at least a subset of nodes in the graph,
the graph partitioning module determines whether to exclude
edges for the node and, if so, selects for exclusion or removal
edge(s) to at least a subset of other node(s) that were previ-
ously connected to thenode (i.e., at least a subset of the node’s
neighbor(s)). Such a selection may be made directly or by first
selecting the edge(s) to keep and then marking the remaining
edge(s) for exclusion. The graph partitioning module selects
edge(s) to the node’s neighbor(s) for exclusion based at least
in part on a degree of overlap between the node’s neighbor(s)
themselves and neighbor(s) of the neighbor(s). For example,
the graph partitioning module may keep an edge to a neighbor
that shares many neighbors with the node, and the graph
partitioning module may mark for exclusion another edge to
another node that does not share many neighbors with the
node.

After edges have been excluded, the graph partitioning
module then determines whether or not subset(s) of the graph
nodes are sufficiently partitioned into cluster(s). For any sub-
set(s) that are yet not sufficiently partitioned into clusters, the
graph partitioning module may repeat the step of determining
whether to exclude edges and, if so, selecting edges for exclu-
sion optionally followed by a repeated step of determining
whether or not the nodes are sufficiently partitioned. Any
subset(s) of nodes that are already sufficiently partitioned
may be marked as complete and skipped or excluded from
evaluation during the repeated steps. The steps of determining
whether to exclude edges and, if so, selecting edges for exclu-
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sion, and determining whether or not subset(s) of the nodes
have been sufficiently partitioned may be repeated in multiple
iterations until a maximum number of iterations would be
exceeded or until all subsets of nodes are sufficiently parti-
tioned, either of which could stop repetition of the steps.

In one embodiment, edges of a graph are marked for
removal or exclusion by updating a stored data structure that
represents the graph. The edges may be either removed from
the data structure altogether or marked or flagged with a
stored indication that the edges should be no longer consid-
ered part of a simplified graph. When the graph is accessed by
the graph partitioning module, edges that have already been
excluded may be skipped during edge removal steps.

Nodes of a graph may be marked as completed by updating
a stored data structure that represents the graph. Some nodes
may be marked as completed before any edge removal. Such
nodes may be excluded from the sparsification process alto-
gether before edge removal, in which case edges of the node
are retained and are not subjected to edge removal. In this
way, marked nodes may be skipped during edge removal
steps. Nodes may also be marked as completed when the
nodes are part of a satisfactory cluster after edge removal.
Nodes that are marked as completed may have been initially
subjected to edge removal iteration(s) but may be skipped or
excluded from evaluation during further edge removal itera-
tion(s) after the nodes are marked as completed. The graph
partitioning module may access an indication stored in asso-
ciation with a node and skip over the node if the node belongs
to a completed set or cluster of nodes during edge removal
iteration(s). In another embodiment, the graph partitioning
module may retain a list of non-completed nodes for further
evaluation, and nodes may be removed from this list as the
nodes become part of a satisfactory cluster.

The graph partitioning module may partition nodes by
removing edges on a node-by-node basis for the entire graph
and iteratively repeat the process of edge removal until the
graph is partitioned into clusters that meet size and separate-
ness requirements. The process of removing edges from the
graph is called “sparsification,” and higher levels of sparsifi-
cation, if applied, would remove a higher percentage of edges
from the graph for nodes having certain numbers of edges
than would lower levels of sparsification for nodes having the
same numbers of edges. The clusters are generated by itera-
tively sparsifying the graph and marking, as complete, nodes
in sufficiently defined clusters—the graph partitioning pro-
cess does not require a clustering algorithm to be performed
on top of the clusters that result from the iterative sparsifica-
tion. In one embodiment, sparsification does not remove any
nodes from the graph—only edges between nodes. For
example, the clusters may meet size requirements if they
include fewer than 50 nodes and may meet separateness
requirements if the entire cluster is disconnected from other
nodes in the graph. Because the graph is processed on a
node-by-node basis, the graph partitioning module does not
need to concurrently load information about all of the nodes
or edges in the graph at once to make any edge removal
determinations. Instead, for each node, the graph partitioning
module only considers information about that node, the
neighbors of that node, and the neighbors of those neighbors.
In this way, the evaluation is localized for each node and is
scalable for massive numbers of nodes.

After the graph is processed on a node-by-node basis in an
edge removal iteration, the graph partitioning module per-
forms connected component discovery to determine whether
any of the remaining nodes are sufficiently partitioned into
clusters. Partitions or clusters may be discovered by crawling
away from selected nodes until all edges have been followed,
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and starting the crawl process again for newly selected nodes
in the graph that have not yet been crawled. Nodes that have
been crawled may be marked as belonging to a given parti-
tion, and new nodes may be selected from among unmarked
nodes. The crawling process may be repeated iteratively until
all nodes in the graph belong to a partition, and the partition
discovery process may be repeated iteratively after the edge
removal process until either all clusters are sufficiently sized
or until a maximum number of edge removal and partition
discovery iterations have been performed.

For example, for each node that has not yet been selected
during the partition discovery process, the partition discovery
process iteratively crawls away from an initial node based on
the edges of the node. For each next node reached while
crawling away from the initial node, the partition discovery
process may repeat the iterative crawling process for all of the
neighbors of the next node until either the entire graph has
been crawled or there are no more edges connected, directly
or indirectly, to the initial node. Then, the partition discovery
process may repeat for new initial nodes until all nodes have
been crawled. Crawled nodes belong to networks, clusters, or
partitions that include initial nodes, which may have been
chosen randomly. The partitions may then each be separately
considered for whether they satisfy criteria, and nodes that are
part of partitions that satisfy the criteria may be marked as
completed. Because the partition discovery process may be
completed on a node-by-node basis for unmarked nodes, the
graph partitioning module does not need to concurrently load
information about all of the nodes or edges in the graph at
once to make any determinations about cluster membership.

FIG. 1 illustrates an example process for partitioning a
graph by excluding edges. A graph partitioning module oper-
ating on computing device(s) receives a request to partition a
graph of nodes in step 100. In response to the request, the
graph partitioning module scores, in step 102 for each non-
marked node in the graph (initially there may be zero nodes
that are marked as complete), neighbors of the node based at
least in part on a degree of overlap between the node and the
neighbors. In step 104, the graph partitioning module may
optionally exclude edges to selected neighbor(s) based at
least in part on a degree of overlap between the node and the
neighbor(s) and a level of sparsification. The graph partition-
ing module may elect not to exclude edges for a given node if
the graph partition module determines to keep a number of
edges that is greater than or equal to the number of edges or
connections to the given node (referred to as the “degree” of
the node). In step 106, a determination is made as to whether,
after excluding the edges in step 104, there are any discon-
nected partitions within a maximum cluster size. Step 106
may include determining all separate sets of connected com-
ponents among the non-marked nodes in the graph. These
separate sets of connected components may be disconnected
or partitioned from each other. If there are disconnected par-
titions within the maximum cluster size, the nodes in the
disconnected partitions are marked as completed clusters in
step 108, which are skipped during further iterations of steps
102-106. If there are no clusters within the maximum cluster
size, the graph partitioning module may continue with
another iteration of partitioning (steps 102-106) as long as the
next iteration does not exceed the maximum number of itera-
tions, as determined in step 112. The maximum cluster size
and level of sparsification may be modified before the next
iteration in step 114.

After nodes are marked as completed in step 108, the
process reaches step 110 where the graph partitioning module
determines whether the graph has any remaining nodes that
have not yet been marked as completed (as performed in
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iteration(s) of step 108) as a result of being part of satisfactory
clusters (as determined in iteration(s) of step 106). Ifthere are
still nodes that are not yet part of satisfactory clusters, then the
process continues with another iteration of partitioning (steps
102-106) while skipping during evaluation the nodes that
were already marked as completed in iteration(s) of step 108.
The graph partitioning module may avoid further iterations in
step 112 if the next iteration would exceed a maximum num-
ber of iterations, and the graph partitioning module may
adjust the maximum cluster size and/or level of sparsification
in step 114.

Upon either determining that there are not any remaining
non-marked nodes in step 110 or determining that the next
iteration would exceed a maximum number of iterations in
step 112, the graph partitioning module may store a result of
the graph partitioning process in step 116. As shown, the
graph partitioning module stores information that indicates
nodes in the graph belong to clusters. If the graph partitioning
iterations end at step 112, the stored information may also
indicate that any remaining non-marked nodes belong to a
same cluster. Alternatively, the remaining non-marked nodes
may be subjected to a separate clustering algorithm that splits
up the remaining non-marked nodes into clusters. In step 118,
the graph partitioning unit or another application may per-
form other responsive action based on the cluster member-
ship. For example, an application may make predictions for
nodes in the dataset based on the cluster membership of the
nodes.

FIG. 2A illustrates an example portion of an initial graph of
nodes before the graph is partitioned into clusters. This graph
has been simplified for illustration. In reality, sample complex
graphs have millions or billions of nodes and billions or
trillions of edges. The example graph is represented as one
partition 202A because none of the nodes are disconnected
from the other nodes. As shown, node A is connected to 6
neighbors, B1-B6, and these nodes are connected to their
neighbors. Some of A’s neighbors are also connected to each
other. For example, B2 and B3 are connected to B6, and B4 is
connected to B5. In the example, edges may be removed from
the example portion of the initial graph in FIG. 2A if partition
202A is not a satisfactory cluster. In other words, partition
202A may contain too many nodes or may be connected to
other nodes (not shown) in the graph.

FIG. 2B illustrates the example graph portion of FIG. 2A
after one example iteration of removing edges (i.c., after the
“first sparsification iteration™). In the simplified example, the
edge between node A and B1 may have been removed upon
determining that B1 has the fewest neighbors in common
(zero) with A. All of A’s other neighbors have at least one
neighbor in common with A. As a result of removing the edge
between node A and B1 in the sparsification iteration, parti-
tion 202B is formed as a separate partition from partition
202A. In the example, none of the illustrated edges between
any of the other nodes have been removed during the first
sparsification iteration. However, edges may have also been
removed from these nodes if these nodes were not initially
skipped during evaluation for the first sparsification iteration.
In one example, non-illustrated edges between the illustrated
nodes and other nodes, and non-illustrated edges among the
illustrated nodes may have been removed during the first
sparsification iteration.

FIG. 2C illustrates the example graph portion of FIG. 2A
after two example iterations of removing edges. In the
example, the edges between nodes A and B4 and A and B5
have been removed during the second sparsification iteration.
The edges may have been removed as a result of determining
that nodes B2, B3, and B6 have more neighbors in common
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with node A than do nodes B4 and B5. Removal of the edges
in the second sparsification iteration forms partition 202C as
a separate partition from partition 202 A. In the example, none
of the illustrated edges between any of the other nodes have
been removed during the second sparsification iteration.
However, edges may have also been removed from these
nodes if these nodes were not skipped during evaluation for
the second sparsification iteration. In one example, non-illus-
trated edges between the illustrated nodes and other nodes,
and non-illustrated edges among the illustrated nodes may
have been removed during the first sparsification iteration.

After the second sparsification iteration, the graph parti-
tioning module may determine that the example sparsified
graph portion of FIG. 2C is sufficiently partitioned. In other
words, the graph partitioning module may determine that the
three partitions are sufficiently small enough and are suffi-
ciently disconnected from other nodes in the graph.

The techniques described herein may be implemented
as specially configured computer system(s), particular meth-
od(s) implemented by the computer system(s), and/or par-
ticular instruction(s) stored on non-transitory or physical
electronic storage media/medium for implementation by the
computer system(s). For example, the computer systems may
include a combination of stored instructions of a particular
type and hardware configured to execute instructions of the
particular type such that the stored instructions, when
executed by the hardware, cause performance of the particu-
lar methods. Many of the techniques described herein, due to
their complex and technical nature, can only be performed by
machine(s), regardless of whether such machine(s) are
mentioned with regard to the steps performed by those
machine(s).

Determining Whether Subsets of Nodes are Sufficiently Par-
titioned

The graph partitioning module may determine whether or
not subset(s) of nodes are sufficiently partitioned based on
whether or not or how much those subset(s) are connected to
nodes that are outside of the subset(s), and/or based on how
many nodes are in the subset(s). In one embodiment, after the
partitioning process is complete, all or a subset of nodes inthe
graph may belong to a cluster of one or more nodes, and many
of'the clusters may have several nodes. For example, a subset
of 15 nodes may be considered to be sufficiently clustered if
the 15 nodes connected together, directly or indirectly via
internal edges within the cluster, are completely disconnected
from all other nodes in the graph, and/or if the number of
nodes (15) is less than a maximum cluster size. The graph
partitioning module may increase the maximum cluster size
iteration by iteration as the iterations progress such that a
separated cluster of 30 nodes may be too large to be consid-
ered sufficiently clustered after a first iteration, but a cluster of
the same size may be determined to be sufficiently clustered
after a second iteration.

In one embodiment, the graph partitioning module may
consider a cluster to be sufficiently partitioned if the cluster is
partially disconnected even if the cluster has connection(s) or
“external edges” to nodes outside of the cluster. The graph
partitioning module may allow for a maximum number of
connections to outside nodes for a cluster that is considered to
be sufficiently partitioned, and this maximum number of con-
nections may be increased iteration by iteration as the itera-
tions progress.

Alternatively, the graph partitioning module may stop
crawling away from initial nodes during the partition discov-
ery phase when the next level of crawling away from the
initial nodes has fewer than a threshold number of edges. For
example, a cluster that includes an initial node may be defined
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when, after exploring neighbors of neighbors of neighbors of
the initial node (i.e., after three levels of crawling), there is
only one or a few edges that are both available to follow and
have not yet been explored. The resulting cluster may be
defined based on the nodes that were reached by the crawling
but not by the nodes that were unreached by the crawling.
This resulting cluster may be determined to be within a
threshold size even though crawling a next edge away from
the initial node may have opened up hundreds or thousands of
more edges for crawling.

Determining how Many Edges to Keep or Remove

In one embodiment, the graph partitioning module deter-
mines, for each node, how many edges, if any, are selected for
exclusion based at least in part on a total number of edges of
said each node, or the node’s “degree.” For example, nodes
initially having many neighbors, which are referred to as
“nodes of high degree,” may be allowed to keep more edges
than nodes that do not initially have many neighbors (“nodes
of low degree”). Conversely, because nodes of high degree
have more edges to evaluate than do nodes of low degree,
more edges may be excluded from nodes of high degree even
though the nodes of high degree are also allowed to keep more
edges than nodes of low degree. In a simple example, 60
edges may be excluded from a node of high degree initially
having 100 neighbors, and 5 edges may be excluded from a
node of low degree initially having 10 neighbors. More edges
were excluded (60 versus 5) from the node of high degree, but
the node of high degree also kept more edges (40 versus 5)
after the exclusion. In the example, the determination of how
many nodes to keep for a given node varied based on the
number of edges between the given node and other nodes
(40% for the node of high degree and 50% for the node of low
degree). In other examples, the determination may be a flat
percentage for all nodes, may vary based on additional fac-
tors, or may vary to a greater degree based on the degree of the
node.

The graph partitioning module may apply different levels
of' sparsification in different iterations to determine how many
edges, if any, are to be selected for exclusion. Applying higher
levels of sparsification may cause a higher portion or percent-
age of edges to be selected for exclusion for nodes with same
degrees, and applying lower levels of sparsification may
cause a lower portion or percentage of edges to be selected for
exclusion for nodes with same degrees. Applying a higher
level of sparsification after a lower level of sparsification may
cause exclusion of additional edges that were not excluded by
the lower level of sparsification.

The level of sparsification may be controlled by parameters
to a sparsification function. An example sparsification func-
tion that can be used to determine how many edges to keep for
agiven node is f(d,x)=d", where d is the degree (in terms of the
number of neighbors) of the node and x is a variable between
0 and 1 that controls the level of sparsification. Another
example is f(d,x)=d*log(x) for x between 0 and 10. In the first
example, lower values of x may result in keeping fewer edges
for a higher level of sparsification, and higher values of x may
result in keeping more edges for a lower level of sparsifica-
tion. In the second example, higher values of x may result in
keeping fewer edges for a higher level of sparsification, and
lower values of x may result in keeping more edges foralower
level of sparsification. The variable, x, may be adjusted for
each iteration but may apply to all nodes evaluated during that
iteration. In other words, the same sparsification function
may be applied to all of the remaining non-marked nodes in a
given sparsification iteration. The parameter, d, is node-spe-
cific and may vary node by node. Other example sparsifica-
tion functions include f(d,x)=dx for x between 0 and 1, or just

10

30

40

45

8

f(x)=x if d>x. Any function of d and/or x may be chosen to
define the level of sparsification.

The sparsification function may also define how many
edges should be removed for a given node. In the first two
examples above, f(dx)=d-d* or f(d,x)=d (1-log(x)) may
specify how many edges should be removed from the node. A
first function of how many edges should be kept may be
converted into a second function of how many edges should
be removed by subtracting a result of the first function fromd,
the degree of the given node.

In one embodiment, x is modified to adjust the level of
sparsification by dividing or multiplying x by 2 or some other
number. In another embodiment, x is modified by squaring or
taking the square root of x, or by raising x to some other
exponential power.

Determining the Degree of Overlap

In one embodiment, the graph partitioning modules deter-
mines a Jaccard Distance that defines a degree of overlap
between two nodes, A and B. The Jaccard Distance, I(A,,, B,,),
for A, neighbors of node A and B,, neighbors of node B, is
1-(A,NB,)/(A,UB,), where the Jaccard Index is defined as
(A,,NB,)/(A,UB,). In other words, The Jaccard Index is the
number of shared neighbors of A and B (A, NB,) divided by
the total number neighbors of either A or B (A,UB,). For
small sets of neighbors, A, and B,,, the Jaccard Distance may
be easily computed by counting the number of neighbors that
overlap between A, and B,,.

For larger sets of neighbors, the Jaccard Distance may be
approximated by comparing a single randomly chosen neigh-
bor of A to a single randomly chosen neighbor of B, where the
neighbors of A and B are randomly chosen in the same man-
ner. Using this approximation, the value of the randomly
chosen neighbors will match if A and B share the same neigh-
bors, will likely match if A and B mostly share the same
neighbors, and will not likely match if A and B do not mostly
share the same neighbors. The process of comparing random
neighbors between A and B may be repeated multiple times,
choosing random neighbors in different ways each time, but
few enough times that the process is still generally more
efficient and/or having a more predictable computational
expense than computing the Jaccard Index. In one embodi-
ment, this process is repeated 30 times. In another embodi-
ment, the process is repeated 5 times.

In one embodiment, instead of comparing long lists of
neighbors with each other (as may be done in a Jaccard Index
computation), the graph partitioning module may determine
and compare a min-hash signature or other hash signature for
each given node to signatures of the given node’s neighbors.
For each of the nodes for which a signature is created, the
signature may comprise hash value(s) that are selected from
set(s) of hash values that are computed from the set of neigh-
bors of the node. In one example, for each of the nodes for
which a signature is created, multiple sets of hash values are
computed using different hash functions, and one hash value
is selected from each of the multiple sets computed using
different hash functions. The signatures may then be com-
pared with the assumption that more closely matching signa-
tures likely reflect nodes that have more closely matched sets
of neighbors. The signatures may be smaller or more com-
pressed than the entire lists of neighbors, and may be com-
pared more quickly or efficiently than the entire lists of neigh-
bors.

In one embodiment, the randomly selected neighbors of
two sets of nodes are chosen by hashing the two sets of nodes
using a hash function and selecting a value in a particular
position within each of the two sets. In other words, the graph
partitioning module may determine, for each node, a degree
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of'overlap between neighbor(s) of the node and neighbor(s) of
the neighbor(s) at least in part by hashing identifiers of neigh-
bor(s) of the node into a set of hash value(s) and hashing
identifiers of neighbor(s) of the neighbor(s) into other set(s)
ot'hash value(s). For each of the other set(s) of hash value(s),
the graph partitioning module may determine whether a first
selected hash value of the set matches a second selected hash
value ofthe other set. The selected value may be the minimum
hash value in each set, the maximum hash value in each set, or
some other hash value from each set that is selected for
comparison. Ifthe values match for a respective neighbor, the
graph partitioning module may determine that the node and
the neighbor have a high degree of overlap.

Alternatively, the graph partitioning module may generate
a score for each neighbor that is based at least in part on
whether the selected hash values matched for that neighbor. If
a score is used, the graph partitioning module may hash the
identifiers for neighbor(s) of the node and for the neighbor(s)
of'the neighbor(s) using multiple ditferent hash functions that
cause generation of multiple different sets of hash values. The
step of comparing the selected hash value from each set may
be performed separately for each hash function, and results of
each of these steps of comparing may contribute to the score
for each neighbor. The score indicates whether or not the node
and the neighbor have a high degree of overlap. For example,
if the selected hash values for the node and the neighbor
match closely using many of several different hash functions,
then the node and the neighbor likely have a high degree of
overlap and, accordingly, a high score. Conversely, if the
selected hash values for the node and the neighbor do not
matchusing many of the several different hash functions, then
the node and the neighbor likely have a low degree of overlap
and, accordingly, a low score.

The graph partitioning module may select edges to neigh-
bors of a given node for exclusion or removal based on the
score or other indication about how closely related the neigh-
bors of the given node are to the given node. Neighbors may
beranked, listed, organized, or ordered based on the score and
optionally based on other factors. Edges to neighbors that are
highly related may be kept, and edges to neighbors that are not
highly related may be excluded or removed. For example,
edges to neighbors that have more matching random values,
such as values generating using the hashing technique
described above, will be kept, and edges to neighbors that
have fewer matching random values will be excluded or
removed. In another example, edges to neighbors having a
higher Jaccard Index (a lower Jaccard Distance) will be kept,
and edges to neighbors having a lower Jaccard Index (a higher
Jaccard Distance) will be excluded or removed.

Interface to the Graph Partitioning Module

The graph partitioning module may partition a graph into
clusters in response to receiving a request that identifies the
graph and/or clustering parameters for partitioning the graph.
The clustering parameters may indicate how aggressively the
graph partitioning module should remove edges, optionally
with different levels of aggression for different iterations; a
maximum cluster size, optionally with different maximum
sizes for different iterations; and/or how many iterations of
removing edges should be performed.

The request may be received as a function call to a special-
purpose function that is invoked on computing device(s) to
partition a graph into clusters. The request may be received as
information that conforms to an application programming
interface (“API”) that allows applications to control the graph
partitioning module using expected commands and/or param-
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eters or a graphical user interface (“GUI”) that allows users to
control the graph partitioning module by providing input to a
graphical display.

The request may be received as a message at a server that
provides graph partitioning services and is configured to
respond to requests with messages that indicate how graphs
are partitioned. The graph partitioning module may also
respond by storing information in a location expected by the
requesting application, by storing a global variable accessible
to an application or other requestor, or by passing or returning
a variable to the application or other requestor. The stored
information may include a mapping between each node ofthe
graph and a corresponding cluster of a plurality of clusters to
which the graph was partitioned. Alternatively, the stored
information may include a new graph of the separated clusters
as disconnected subgraphs.

Performing Cluster-Specific Actions

Once the graph partitioning module has partitioned nodes
into defined clusters, further action may be taken with respect
to the nodes on a cluster-specific basis. For example, different
clusters may represent different communities of customers,
and a marketing application running on computing device(s)
may generate and/or send different marketing communica-
tions to different clusters based on characteristics of cluster
members. Alternatively, demographic information may be
collected on a cluster-specific basis, and marketing or adver-
tising communications for a particular region may be custom-
ized for or selected based on the clusters that are most popu-
lous in that region.

As another example, the marketing application may iden-
tify a leading member of the cluster based on how well dif-
ferent members are connected to each other within the cluster
or how well the different members are connected to members
outside of the cluster. The leading member may be the most
connected within and/or outside of the cluster, and the mar-
keting application may generate and send marketing commu-
nications to the leading members of different clusters without
generating or sending such communications to non-leading
members of the different clusters. In yet another example,
demographic information about the leading members but not
non-leading members of clusters in a particular region may be
collected and used to select or customize marketing or adver-
tising communications for the particular region.

In one embodiment, the different clusters represent differ-
ent groups of employees. A human resources application
running on one or more computing devices may analyze the
employee retention rates for different clusters and generate
separate demographic information for clusters with lower
retention rates and clusters with higher retention rates. The
human resources application may also generate or initiate
transmittal of information about potential benefits to employ-
ees in clusters with lower retention rates.

The different clusters may also be used to predict poten-
tially different behaviors of different groups of people repre-
sented by the clusters. An application may compute statistics
or demographic information for each of the different clusters.
Cluster-specific trends may be determined based on logged
activity of the different clusters, and these trends may be
applied to predict behaviors of members of the respective
clusters.

In yet another example, the nodes may represent Web
pages or other articles of information or items of content, the
edges may represent links, references, or identified overlap-
ping content between the Web pages, and the different clus-
ters may represent categories that may be content-related or
source-related. An article in a cluster may be suggested to a
user viewing another article in the cluster, or an article outside
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of the cluster may be suggested to a user that has expressed
disinterest in an article in the cluster.

In yet another example, regardless of what the nodes rep-
resent, the cluster membership of the nodes may be used to
determine which storage partition or which storage device
should store information about the nodes. Information about
nodes having common cluster membership may be stored on
a same device or even in a same block of memory such that the
information may be retrieved more efficiently when informa-
tion is retrieved for multiple nodes in the cluster together. In
another embodiment, a cache server that stores cached copies
of data objects may determine which data objects to load
based on which clusters are actively being requested from the
cache server.

In another embodiment, cluster membership may be used
to track affiliation, the spread of a disease, or the dissemina-
tion of information. A server may use the cluster membership
information for a target or compromised node to determine a
potentially compromised cluster, and the server may identify
other members of the cluster that should be investigated for
affiliation with the target node. For example, the server may
use the cluster membership information to find members that
belong to the immediate social network of a person who has
contracted a contagious disease.

In yet another embodiment, a server may use the cluster
membership information to determine which stocks or secu-
rities in the stock market are most closely related. The server
may then suggest avoiding investing in multiple stocks that
are closely related to each other, with a preference for a
diversified portfolio. The server may also trigger alerts in the
form of emails or text messages when other stocks or securi-
ties in a cluster have changed beyond a threshold amount, and
when a user to be notified owns a stock or security in the
cluster, whether that stock or security itself has changed
beyond the threshold amount.

Cluster membership information may also be used to pre-
dict optimal hub locations for flight service based on flight
history data or to identify people or machines that are related
to frequently occurring problems in a factory.

Hardware Overview

According to one embodiment, the techniques described
herein are implemented by one or more special-purpose com-
puting devices. The special-purpose computing devices may
be hard-wired to perform the techniques, or may include
digital electronic devices such as one or more application-
specific integrated circuits (ASICs) or field programmable
gate arrays (FPGAs) that are persistently programmed to
perform the techniques, or may include one or more general
purpose hardware processors programmed to perform the
techniques pursuant to program instructions in firmware,
memory, other storage, or a combination. Such special-pur-
pose computing devices may also combine custom hard-
wired logic, ASICs, or FPGAs with custom programming to
accomplish the techniques. The special-purpose computing
devices may be desktop computer systems, portable com-
puter systems, handheld devices, networking devices or any
other device that incorporates hard-wired and/or program
logic to implement the techniques.

For example, FIG. 3 is a block diagram that illustrates a
computer system 300 upon which an embodiment of the
invention may be implemented. Computer system 300
includes a bus 302 or other communication mechanism for
communicating information, and a hardware processor 304
coupled with bus 302 for processing information. Hardware
processor 304 may be, for example, a general purpose micro-
processor.
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Computer system 300 also includes a main memory 306,
such as a random access memory (RAM) or other dynamic
storage device, coupled to bus 302 for storing information and
instructions to be executed by processor 304. Main memory
306 also may be used for storing temporary variables or other
intermediate information during execution of instructions to
be executed by processor 304. Such instructions, when stored
in non-transitory storage media accessible to processor 304,
render computer system 300 into a special-purpose machine
that is customized to perform the operations specified in the
instructions.

Computer system 300 further includes a read only memory
(ROM) 308 or other static storage device coupled to bus 302
for storing static information and instructions for processor
304. A storage device 310, such as a magnetic disk, optical
disk, or solid-state drive is provided and coupled to bus 302
for storing information and instructions.

Computer system 300 may be coupled via bus 302 to a
display 312, such as a cathode ray tube (CRT), for displaying
information to a computer user. An input device 314, includ-
ing alphanumeric and other keys, is coupled to bus 302 for
communicating information and command selections to pro-
cessor 304. Another type of user input device is cursor control
316, such as a mouse, a trackball, or cursor direction keys for
communicating direction information and command selec-
tions to processor 304 and for controlling cursor movement
ondisplay 312. This input device typically has two degrees of
freedom in two axes, a first axis (e.g., X) and a second axis
(e.g., y), that allows the device to specify positions in a plane.

Computer system 300 may implement the techniques
described herein using customized hard-wired logic, one or
more ASICs or FPGAs, firmware and/or program logic which
in combination with the computer system causes or programs
computer system 300 to be a special-purpose machine.
According to one embodiment, the techniques herein are
performed by computer system 300 in response to processor
304 executing one or more sequences of one or more instruc-
tions contained in main memory 306. Such instructions may
be read into main memory 306 from another storage medium,
such as storage device 310. Execution of the sequences of
instructions contained in main memory 306 causes processor
304 to perform the process steps described herein. In alterna-
tive embodiments, hard-wired circuitry may be used in place
of or in combination with software instructions.

The term “storage media” as used herein refers to any
non-transitory media that store data and/or instructions that
cause a machine to operate in a specific fashion. Such storage
media may comprise non-volatile media and/or volatile
media. Non-volatile media includes, for example, optical
disks, magnetic disks, or solid-state drives, such as storage
device 310. Volatile media includes dynamic memory, such as
main memory 306. Common forms of storage media include,
for example, a floppy disk, a flexible disk, hard disk, solid-
state drive, magnetic tape, or any other magnetic data storage
medium, a CD-ROM, any other optical data storage medium,
any physical medium with patterns of holes, a RAM, a
PROM, and EPROM, a FLASH-EPROM, NVRAM, any
other memory chip or cartridge.

Storage media is distinct from but may be used in conjunc-
tion with transmission media. Transmission media partici-
pates in transferring information between storage media. For
example, transmission media includes coaxial cables, copper
wire and fiber optics, including the wires that comprise bus
302. Transmission media can also take the form of acoustic or
light waves, such as those generated during radio-wave and
infra-red data communications.
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Various forms of media may be involved in carrying one or
more sequences of one or more instructions to processor 304
for execution. For example, the instructions may initially be
carried on a magnetic disk or solid-state drive of a remote
computer. The remote computer can load the instructions into
its dynamic memory and send the instructions over a tele-
phone line using a modem. A modem local to computer
system 300 can receive the data on the telephone line and use
an infra-red transmitter to convert the data to an infra-red
signal. Aninfra-red detector can receive the data carried in the
infra-red signal and appropriate circuitry can place the data
on bus 302. Bus 302 carries the data to main memory 306,
from which processor 304 retrieves and executes the instruc-
tions. The instructions received by main memory 306 may
optionally be stored on storage device 310 either before or
after execution by processor 304.

Computer system 300 also includes a communication
interface 318 coupled to bus 302. Communication interface
318 provides a two-way data communication coupling to a
network link 320 that is connected to a local network 322. For
example, communication interface 318 may be an integrated
services digital network (ISDN) card, cable modem, satellite
modem, or a modem to provide a data communication con-
nection to a corresponding type of telephone line. As another
example, communication interface 318 may be a local area
network (LAN) card to provide a data communication con-
nection to a compatible LAN. Wireless links may also be
implemented. In any such implementation, communication
interface 318 sends and receives electrical, electromagnetic
or optical signals that carry digital data streams representing
various types of information.

Network link 320 typically provides data communication
through one or more networks to other data devices. For
example, network link 320 may provide a connection through
local network 322 to a host computer 324 or to data equip-
ment operated by an Internet Service Provider (ISP) 326. ISP
326 in turn provides data communication services through the
world wide packet data communication network now com-
monly referred to as the “Internet” 328. Local network 322
and Internet 328 both use electrical, electromagnetic or opti-
cal signals that carry digital data streams. The signals through
the various networks and the signals on network link 320 and
through communication interface 318, which carry the digital
data to and from computer system 300, are example forms of
transmission media.

Computer system 300 can send messages and receive data,
including program code, through the network(s), network
link 320 and communication interface 318. In the Internet
example, a server 330 might transmit a requested code for an
application program through Internet 328, ISP 326, local
network 322 and communication interface 318.

The received code may be executed by processor 304 as it
is received, and/or stored in storage device 310, or other
non-volatile storage for later execution.

In the foregoing specification, embodiments of the inven-
tion have been described with reference to numerous specific
details that may vary from implementation to implementa-
tion. The specification and drawings are, accordingly, to be
regarded in an illustrative rather than a restrictive sense. The
sole and exclusive indicator of the scope of the invention, and
what is intended by the applicants to be the scope of the
invention, is the literal and equivalent scope of the set of
claims that issue from this application, in the specific form in
which such claims issue, including any subsequent correc-
tion.
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What is claimed is:

1. A method for partitioning a graph of nodes into a plu-
rality of clusters, the method comprising:

performing an edge removal iteration on the graph,

wherein the edge removal iteration comprises, for each

node of a plurality of nodes selected from the graph of

nodes:

determining, for each neighbor of said each node, a
degree of overlap between neighbors of said each
node and neighbors of said each neighbor of said each
node; and

removing one or more edges from the graph based on the
degree of overlap between said neighbors of said each
node and said neighbors of said each neighbor of each
said node;

after the edge removal iteration, determining whether any

cluster of the graph is sufficiently partitioned;
performing one or more additional edge removal iterations
on the graph, wherein nodes that belong to clusters of the
graph that are sufficiently partitioned are excluded from
aplurality of remaining nodes, wherein the one or more
additional edge removal iterations comprise, for each
remaining node of the plurality of remaining nodes:
determining, for each neighbor of said each remaining
node, a degree of overlap between neighbors of said
each remaining node and neighbors of said each
neighbor of said each remaining node; and
removing one or more additional edges from the graph
based on the degree of overlap between said neigh-
bors of said each remaining node and said neighbors
of said each neighbor of said each remaining node;
wherein the method is performed by one or more comput-
ing devices.

2. The method of claim 1, wherein performing the edge
removal iteration on the graph includes, for said each node,
determining how many edges to remove based at least in part
on a total number of edges of said each node.

3. The method of claim 1,

wherein performing the edge removal iteration on the

graph includes, for said each node, determining how
many edges to remove based at least in part on a first
level of sparsification; and,

wherein performing the one or more additional edge

removal iteration on the graph includes, for said each
remaining node, determining how many edges to
remove based at least in part on a second level of spar-
sification;

wherein the second level of sparsification causes removal

of additional edges that were not removed based on the
first level of sparsification.

4. The method of claim 1, wherein the degree of overlap
between said neighbors of said each node and said neighbors
of'said each neighbor of said each node is determined at least
in part by determining how many neighbors are shared by said
each node and said each neighbor of said each node.

5. The method of claim 1, wherein the degree of overlap
between said neighbors of said each node and said neighbors
of'said each neighbor of said each node is determined at least
in part by:

hashing identifiers of said neighbors of said each node into

a first set of hash values and hashing identifiers of said
neighbors of said each neighbor of said each node into a
second set of hash values, and

determining whether a first selected hash value of the first

set of hash values for said each node matches a second
selected hash value of the second set of hash values for
said each neighbor of said each node.
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6. The method of claim 5, further comprising

selecting a minimum hash value of the first set of hash
values for said each node as the first selected hash value,
and

selecting a minimum hash value of the second set of hash

values for said each neighbor of said each node as the
second selected hash value.

7. The method of claim 1, wherein said one or more addi-
tional edge removal iterations are performed until all the
clusters of the plurality of clusters are sufficiently partitioned.

8. The method of claim 1, wherein said one or more addi-
tional edge removal iterations are stopped before exceeding a
maximum number of iterations.

9. The method of claim 7, further comprising, for each of
the one or more additional edge removal iterations, increasing
alevel of sparsification that is applied to determine how many
edges to remove and a maximum cluster size for sufficiently
partitioned clusters.

10. The method of claim 1, wherein determining whether
any cluster of the graph is sufficiently partitioned comprises
determining whether any disconnected cluster of the graph
does not exceed a maximum cluster size.

11. The method of claim 1, further comprising:

receiving a request to partition the graph of nodes into the

plurality of clusters; and

in response to the request, storing a mapping between each

node in the graph and a corresponding cluster of the
plurality of clusters.

12. The method of claim 1, wherein the plurality of nodes
is less than all nodes in the graph.

13. The method of claim 1, wherein the edge removal
iteration further comprises, for said each node, determining
how many edges of said each node to keep.

14. The method of claim 1, further comprising storing
information corresponding to nodes of the plurality of nodes
that having a common cluster membership on a same storage
device or a same storage partition.

15. The method of claim 1, further comprising analyzing a
plurality of resulting clusters to predict potentially different
behaviors of different groups represented by the plurality of
resulting clusters.

16. The method of claim 1, wherein the nodes represent
content items and the edges represent links, reference or
identified overlapping content, further comprising suggesting
aparticular content item based on its membership in a result-
ing cluster.

17. One or more non-transitory computer-readable media
storing one or more sequences of instructions for partitioning
a graph of nodes into a plurality of clusters which, when
executed, by one or more processors, cause:

performing an edge removal iteration on the graph,

wherein the edge removal iteration comprises, for each

node of a plurality of nodes selected from the graph of

nodes:

determining, for each neighbor of said each node, a
degree of overlap between neighbors of said each
node and neighbors of said each neighbor of said each
node; and

removing one or more edges from the graph based on the
degree of overlap between said neighbors of said each
node and said neighbors of said each neighbor of said
each node;

after the edge removal iteration, determining whether any

cluster of the graph is sufficiently partitioned;
performing one or more additional edge removal iterations

onthe graph, wherein nodes that belong to clusters of the

graph that are sufficiently partitioned are excluded from
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aplurality of remaining nodes, wherein the one or more
additional edge removal iterations, comprise, for each
remaining node of the plurality of remaining nodes:
determining, for each neighbor of said each remaining
node, a degree of overlap between, neighbors of said
each remaining node and neighbors of said each
neighbor of said each remaining node; and
removing one or more additional edges from the graph
based on the degree of overlap between said neigh-
bors of said each remaining node and said neighbors
of said each neighbor of said each remaining node.

18. The one or more non-transitory computer-readable
media of claim 17, wherein performing the edge removal
iteration on the graph includes, for said each node, determin-
ing how many edges to remove based at least in part on a total
number of edges of said each node.

19. The one or more non-transitory computer-readable
media of claim 17,

wherein performing the edge removal iteration on the

graph includes, for said each node, determining how
many edges to remove based at least in part on a first
level of sparsification; and,

wherein performing the one or more additional edge

removal iteration on the graph includes, for said each
remaining node, determining how many edges to
remove based at least in part on a second level of spar-
sification;

wherein the second level of sparsification causes removal

of additional edges that were not removed based on the
first level of sparsification.

20. The one or more non-transitory computer-readable
media of claim 17, wherein the degree of overlap between
said neighbors of said each node and said neighbors of said
each neighbor of said each node is determined at least in part
by determining how many neighbors are shared by said each
node and said each neighbor of said each node.

21. The one or more non-transitory computer-readable
media of claim 17, wherein the one or more sequences of
instructions include instructions that, when executed, cause:

determining the degree of overlap between said neighbors

of said each node and said neighbors of said each neigh-
bor of said each node at least in part by:

hashing identifiers of said neighbors of said each node into

a first set of hash values and hashing identifiers of said
neighbors of said each neighbor of said each node into a
second set of hash values, and

determining whether a first selected hash value of the first

set of hash values for said each node matches a second
selected hash value of the second set of hash values for
said each neighbor of said each node.

22. The one or more non-transitory computer-readable
media of claim 21, wherein the one or more sequences of
instructions include instructions that, when executed, cause
selecting a minimum hash value of the first set of hash values
for said each node as the first selected hash value, and select-
ing a minimum hash value of the second set of hash values for
said each neighbor of said each node as the second selected
hash value.

23. The one or more non-transitory computer-readable
media of claim 17, wherein said one or more additional edge
removal iterations are performed until all the clusters of the
plurality of clusters are sufficiently partitioned.

24. The one or more non-transitory computer-readable
media of claim 23, wherein the one or more sequences of
instructions include instructions that, when executed, cause,
for each of the one or more additional edge removal iterations,
increasing a level of sparsification that is applied to determine
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how many edges to remove and a maximum cluster size for
sufficiently partitioned clusters.

25. The one or more non-transitory computer-readable
media of claim 17, wherein said one or more additional edge
removal iterations are stopped before exceeding a maximum
number of iterations.

26. The one or more non-transitory computer-readable
media of claim 17, wherein determining whether any cluster
of'the graph is sufficiently partitioned comprises determining
whether any disconnected cluster of the graph does not
exceed a maximum cluster size.

27. The one or more non-transitory computer-readable
media of claim 17, wherein the one or more sequences of
instructions include instructions that, when executed, cause:

receiving a request to partition the graph of nodes into the

plurality of clusters; and

in response to the request, storing a resulting graph that

indicates the plurality of clusters.

28. The one or more non-transitory computer-readable
media of claim 17, wherein the plurality of nodes is less than
all nodes in the graph.

29. The one or more non-transitory computer-readable
media of claim 17, wherein the edge removal iteration further
comprises, for said each node, determining how many edges
of said each node to keep.
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30. The one or more non-transitory computer-readable
media of claim 17, wherein the one or more sequences of
instructions include instructions that, when executed, cause:

storing information corresponding to nodes of the plurality
of nodes that having a common cluster membership on a
same storage device or a same storage partition.

31. The one or more non-transitory computer-readable
media of claim 17, wherein the one or more sequences of
instructions include instructions that, when executed, cause:

analyzing a plurality of resulting clusters to predict poten-
tially different behaviors of different groups represented
by the plurality of resulting clusters.

32. The one or more non-transitory computer-readable

media of claim 17,

wherein the nodes represent content items and the edges
represent links, reference or identified overlapping con-
tent,

wherein the one or more sequences of instructions include
instructions that, when executed, cause suggesting a par-
ticular content item based on its membership in a result-
ing cluster.
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